The question as to what the relevant degrees of freedom are at the thermal chiral phase transition is addressed in terms of the "vector manifestation (VM)" of chiral symmetryà la Harada and Yamawaki. We find that both the vector susceptibility χ V and the axial-vector susceptibility χ A at the chiral transition require other degrees of freedom than pions in the chiral limit. The possible candidates are zero-mass vector mesons and quasiquarks. In the presence of these degrees of freedom, hidden local symmetry (HLS) theory with vector manifestation predicts that χ V equals χ A in consistency with chiral invariance and that both the time component f t π and the space component f s π of the pion decay constant vanish at the chiral phase transition. With the VM, the pion velocity v π proportional to f s π /f t π at T = T c is predicted to be equal to 1.
Introduction
One of the most crucial questions to answer in the effort to understand chiral restoration in relativistic heavy-ion collisions is: What are the relevant degrees of freedom just before and after the phase transition? The standard scenario, generally accepted in the heavy-ion community, is that the only relevant thermal excitations in the broken symmetry sector near the phase transition are the pions, the pseudo-Goldstone modes of broken chiral symmetry (and possibly a scalar mode that is a chiral partner to the pions). However there is no a priori reason to exclude other scenarios. One highly plausible such possibility is the vector manifestation of Harada and Yamawaki [1, 2] that requires the presence in the hadronic sector of massless vector mesons [3] and possibly massless constituent quarks (or quasiquarks) [4] . In fact in a recent attempt to understand some of the puzzling results coming out of relativistic heavy ion experiments at RHIC, Brown and Rho [5] considered the scenario in which both the "light" ρ mesons and constituent quarks play a crucial role: The vector mesons there are "relayed" via a Higgsing to the gluons in the QCD sector. The question as to which is the correct scenario could ultimately be answered by lattice measurements. In this paper, we study what the implications of the vector manifestation are on the vector and axialvector susceptibilities and on the relevant degrees of freedom for a finite temperature phase transition. We find that the vector manifestation favors a scenario which is drastically different from that of the standard picture.
The issue was brought to highlight by recent beautiful papers by Son and Stephanov (SS) [6, 7] . As a way of introduction to the main objective of this paper, we begin by briefly summarizing their arguments and results.
Consider the vector isospin susceptibility (VSUS in short) χ V (denoted by SS as χ I ) and the axial-vector isospin susceptibility (ASUS) χ A (denoted by SS as χ I5 ) defined in terms of the vector charge density V with the quark field ψ and the τ a Pauli matrix the generator of the flavor SU(2).
We are interested in these SUS's near the critical temperature T = T c at zero baryon density n = 0. In particular we would like to compute them "bottom-up" approaching T c from below. In order to do this, we need to resort to effective field theory of QCD which requires identifying, in the premise of an EFT, all the relevant degrees of freedom.
Let us first assume as done by Son and Stephanov [6, 7] that the only relevant effective degrees of freedom in heat bath are the pions (and possibly a light scalar as in linear sigma model), and that all other degrees of freedom can be integrated out with their effects incorporated into the coefficients of higher order terms in the effective Lagrangian. Here the basic assumption is that near chiral restoration, there is no instability in the channel of the degrees of freedom that have been integrated out. In this pion-only case, the appropriate effective Lagrangian for the axial correlators is the in-medium chiral Lagrangian dominated by the current algebra terms,
where v π is the pion velocity, M is the mass matrix introduced as an external field, U is the chiral field and the covariant derivative ∇ 0 U is given by ∇ 0 U = ∂ 0 U − i 2 µ A (τ 3 U + Uτ 3 ) with µ A the axial isospin chemical potential. The ellipsis stands for higher order terms in spatial derivatives and covariant derivatives. #1 Given the effective action described by (1.4) with possible non-local terms ignored, then the ASUS takes the simple form
(1.5)
The principal point to note here is that as long as the effective action is given by local terms (subsumed in the ellipsis) involving the U field, this is the whole story: There is no other contribution to the ASUS than the temporal component of the pion decay constant.
Next one assumes that at the chiral phase transition point T = T c , the restoration of chiral symmetry dictates the equality
#1
The notation here deviates a bit from that of SS. For example, it will turn out that the pion velocity will have the form v 
While there is no lattice information on χ A , χ V has been measured as a function of temperature [8, 9] . In particular, it is established that
which leads to the conclusion [6, 7] that
On the other hand, it is expected and verified by lattice simulations that the space component of the pion decay constant f s π should vanish at T = T c . One therefore arrives at
This is the main conclusion of the pion-only theory.
To check whether this prediction is firm, let us see what one obtains for the VSUS in the same effective field theory approach. The effective Lagrangian for calculating the vector correlators is of the same form as the ASUS, Eq. (1.4), except that the covariant derivative is now defined with the vector isospin chemical potential
Now if one assumes as done above for χ A that possible non-local terms can be dropped, then the SUS is given by
which can be easily evaluated from the Lagrangian. One finds that
for all temperature. While it is expected to be zero at T = 0, the vanishing χ V for T = 0 is at variance with the lattice data at T = T c . The reason for this defect is explained in terms of hydrodynamics by Son and Stephanov [6, 7] . We will return to this issue in Section 7.
Let it suffice to note here that this defect is identified with the missing "diffusive modes" in the effective Lagrangian (1.4).
We now turn to the main objective of this paper: the prediction by the vector manifestation (VM) of Harada and Yamawaki [1] . Basically the same scenario was suggested some time ago in conjunction with Brown-Rho scaling [10, 11] . As will be shown in detail in the following sections, the VM requires that the vector mesons (and quasiquarks) figure on the same footing with the pions as the relevant degrees of freedom as the chiral transition point is approached from below. The key reason for this conclusion is that the chiral transition coincides with the VM fixed point at which the vector meson mass (and the quasiquark mass) must vanish in the chiral limit [12] . This means that the vector-meson degrees of freedom (as well as the quasiquarks) cannot be integrated out near chiral restoration.
Our principal results -which are basically different from the pion-only scenario -can be summarized as follows. In the presence of the ρ-meson (and isospin-doublet quasiquarks), the only approach that is consistent with chiral perturbation theory is Harada-Yamawaki hidden local symmetry (HLS) theory with the VM fixed point #2 . This theory predicts
where we have included the normalization factor of 2N f . Note that the equality of χ A and χ V at T = T c is an output of the theory. The first term on the RHS of Eq. (1.13) comes from the vector-meson loop and the second from the quasiquark loop. The latter is equivalent to χ 0 of Ref. [9] . These results are easy to understand. The ρ and π (and also the quasiquark) enter on the same footing. At the VM fixed point, the longitudinal components of the vector mesons and the pions form a degenerate multiplet, the ρ (and the quasiquark) entering into the hydrodynamic description as the pion does; the "diffusive" modes considered by SS are responsible for the width of the "collective mode," i.e., the vector meson.
The rest of the paper is devoted to the derivation of the main results (1.12) and (1.13).
In Section 2, hidden local symmetry (HLS) theory with constituent quarks ("quasiquarks")
is briefly introduced. Section 3 describes how thermal two-point functions are calculated in the HLS theory. In Section 4, we write down the in-medium vector and axial-vector current #2 It has been stressed in the literature (see, e.g., [13, 2] ) -and is stressed again -that HLS is a bona-fide effective field theory of QCD only if the ρ-meson mass is considered as of the same chiral order as the pion mass.
correlators that are needed in what follows. Pion decay constants and pion velocity are computed in the given framework in Section 5. The susceptibilities are defined in Section 6 and computed for temperature T ∼ T c . In Section 7, we briefly comment on the hydrodynamic structure of our theory along the line developed by Son and Stephanov. The conclusion is given in Section 8. The Appendices contain explicit formulas used in the main text. A more extensive treatment of the material covered in this paper together with other issues of finite temperature effective field theory in the VM is found in Ref. [14] .
Hidden Local Symmetry with Quasiquark
In this Section, we briefly summarize the HLS model that incorporates fermion degrees of freedom. As mentioned above, both HLS spin-1 field and constituent quark (referred to in this paper as quasiquark) field are assumed to be as relevant as the pion field near chiral restoration. This means that we will have the quasiquark Lagrangian incorporated into the usual HLS Lagrangian. The HLS model [15, 16] is based on the G global × H local symmetry,
R is the global chiral symmetry and H = SU(N f ) V is the HLS.
The basic quantities are the HLS gauge field V µ and two variables or "coordinates"
where π denotes the pseudoscalar Nambu-Goldstone (NG) boson and σ the NG boson absorbed into the HLS gauge field V µ (longitudinal ρ). F π and F σ are corresponding decay constants, and the parameter a is defined as
where h(x) ∈ H local and g L,R ∈ G global . The covariant derivatives of ξ L,R are defined by
where L µ and R µ denote the external gauge fields gauging the G global symmetry. From the above covariant derivatives two 1-forms are constructed as
Now, the HLS Lagrangian to leading order is given by [15, 16] 5) where g is the HLS gauge coupling and 
with R µν and L µν being the field strengths of R µ and L µ .
The leading order Lagrangian including one quasiquark field and one anti-quasiquark field is counted as O(p) and is given by
where D µ ψ = (∂ µ − iV µ )ψ and κ and λ are constants to be specified later. At one-loop level the Lagrangian (2.8) generates the O(p 4 ) contributions including hadronic thermal effects as well as quantum effects. The Lagrangian consisting of (2.5), (2.6) and (2.8) defines our theory.
Note that the parameters of the above Lagrangian have the intrinsic temperature dependence [3] . This effect may break implicitly the Lorentz invariance of the above Lagrangian.
In the present analysis, however, we neglect such (implicit) Lorentz symmetry violating effects caused by the intrinsic temperature dependence of the parameters, and use the Lagrangian with Lorentz invariance even at non-zero temperature. Explicit Lorentz violation in medium will of course be taken into account.
Two-Point Functions
We need to consider two-point functions involving the isovector vector and axial-vector currents. Let us calculate them to one-loop order as in [18, 2] . The additional ingredient that has not been considered in previous works of HLS is the presence of quasiquarks. In calculating the loops, we adopt the background field gauge (see Refs. [18, 2] for details in HLS theory) and the imaginary time formalism (see, e.g., Ref. [19] ). For convenience,
we introduce the following Feynman integrals to calculate the one-loop hadronic thermal corrections and quantum corrections to the two-point functions: 
integer). Using the standard formula (see, e.g., Ref. [19] ), we can convert the Matsubara frequency sum into an integral over k 0 with k 0 taken as the zeroth component of a Minkowski four vector. Accordingly, the above functions are divided into two parts as 
Combining the above bosonic and fermionic loop corrections with the tree contribution given
we have the two-point function of A µ -A ν at one-loop level as
Analogously to Eq. (3.4), we split the two-point function into two parts as . For F 2 π we adopt the "on-shell" renormalization condition:
From this renormalization condition, we obtain the g µν -part of Π
where Π S ⊥ (p 2 ) is the finite renormalization contribution satisfying
For z 2 we adopt the renormalization condition that Π (vac)µν ⊥ be given by
where
is the finite renormalization subject to the condition
To distinguish the hadronic thermal correction to the pion decay constant from that to the parameter z 2 , we decompose the two-point function of A µ -A ν into four components as
where P µν L and P µν T are the polarization tensors defined by
Similarly to the division in Eq. (3.9), it is convenient to divide each component into two parts as can be written as
The explicit forms of the hadronic thermal correctionsΠ For the two-point functions of V µ -V ν , V µ -V ν and V µ -V ν we adopt similar on-shell renormalization conditions. The resultant sums of the tree contributions and quantum corrections take the forms 19) where the parameters are renormalized at the scale M ρ and the finite renormalization terms
The hadronic thermal corrections to the above two-point functions relevant to the present analysis are given in Eqs. (A.6) and (A.7) in Appendix A.
It should be noticed that the renormalized parameters have the intrinsic temperature dependences in addition to the dependence on the renormalization point. Then, the notations used above for the parameters renormalized at on-shell should be understood as the following abbreviated notations:
where µ is the renormalization point and the mass parameter M ρ is determined from the on-shell condition:
In addition, the parameter a appearing in several expressions in Appendices are defined as
Current Correlators
We now turn to construct the axial-vector and vector current correlators from the twopoint functions calculated in the previous section. The correlators are defined by 
whereφ denotes the background field corresponding to the pion field. In terms of thisφ, the background A µ is expanded as
where the ellipses stand for the terms that include two or more fields. Then, the axial-vector current correlator is
where the first term comes from theφ-exchange and the second term from the direct A µ -A ν interaction. By using the decomposition in Eq. (3.15), this can be rewritten as
One can see from (4.6) that the pion exchange contribution is included only in the longitu-
To obtain the vector current correlator G V , we first consider the V propagator. By using the fact that the inverse V propagator i(D −1 ) µν is equal to Π µν V , the propagator for the field V can be expressed as
(4.12) By using the above propagator D V and two-point functions of V µ -V µ and V µ -V ν , G V can be put into the form
After a lengthy calculation, we obtain
(4.14)
One might worry that the above form does not satisfy the current conservation p µ G µν V = 0. However since, as shown in Eq. (A.6), the conditions
are satisfied, Eq. (4.14) can be rewritten as
Now it is evident that the current is conserved since p µ P µν L = p µ P µν T = 0. In the present analysis, the equalityΠ 
Note that, in the above expressions, we have dropped the terms Π 
Pion Decay Constants and Pion Velocity
We now proceed to study the on-shell structure of the pion. For this we look at the pole of the longitudinal component G 
The pion velocity v π (p) ≡ E/p is then obtained by solving
Here we replaced E byp in the hadronic thermal termsΠ We follow the analysis in Ref. [20] to obtain
Using this wave function renormalization and the velocity in Eq. (5.4), we can rewrite the longitudinal part of the axial-vector current correlator as
where the pion self energy Π π (p 0 ,p; T ) is given by
Let us now define the pion decay constant. A natural procedure is to define the pion decay constant from the pole residue of the axial-vector current correlator. From Eq. (5.7), the pion decay constant is given by
We now address how f 2 π (p; T ) is related to the temporal and spatial components of the pion decay constant introduced in Ref. [21] . Following their notation, let f t π denote the decay constant associated with the temporal component of the axial-vector current and f s π the one with the spatial component. In the present analysis, they can be read off from the coupling of theπ field to the axial-vector external field A µ :
. 
We should note that there are no thermal quasiquark contributions toΠ t ⊥ (p,p; T ) as well as toΠ s ⊥ (p,p; T ) to the leading order becauseB 0(F ) (p,p; m q , m q ; T ) = 0. We are now ready to investigate what happens to the above quantities when the critical temperature T c is approached. Due to the VM in hot matter [3] , the parametric ρ meson mass goes to zero (M ρ → 0) and the parameter a approaches one (a → 1), so we have [see 
Axial-Vector and Vector Susceptibilities
In terms of the quantities defined in the preceding sections, the axial-vector susceptibility χ A (T ) and the vector susceptibility χ V (T ) for non-singlet currents #4 are given by the 00-component of the axial-vector and vector current correlators in the static-low-momentum limit:
where we have included the normalization factor of 2N f . Using the current correlators given in Eqs. (4.5) and (4.16) and noting that lim p 0 →0 P 00 L = lim p 0 →0p 2 /p 2 = −1, we can express χ A (T ) and χ V (T ) as #3 These results differ from those obtained in a framework in which the only relevant degrees of freedom near chiral restoration are taken to be the pions [6, 7] . We will explain how this comes about in the conclusion section. #4 We will confine ourselves to non-singlet (that is, isovector) susceptibilities, so we won't specify the isospin structure from here on.
where for simplicity of notation, we have suppressed the argument (p 0 , p; T ) in the righthand-side of the expression for χ V (T ). In HLS theory at one-loop level, the susceptibilities read
where the parameter a(0) is defined by
In Ref. [18] , a(0) was defined by the ratio
0) without taking into account the finite renormalization effect which depends on the details of the renormalization condition.
In the present renormalization condition (3.19) with Eq. (3.20) , the finite renormalization effect leads to 5) and then a(0) reads
It follows from the static-low-momentum limit of (Π t ⊥ −Π L ⊥ ) given in Eq. (A.9) that the axial-vector susceptibility χ A (T ) takes the form
Near the critical temperature (T → T c ), we have M ρ → 0, a → 1 due to the intrinsic temperature dependence in the VM in hot matter [3] . As shown in Ref. [4] for the finite density chiral restoration, m q → 0 and λ → 1 should be also satisfied at the finite temperature 
we obtain
To obtain the vector susceptibility near the critical temperature, we first consider a(0)F 2 π (0)+ Π t V appearing in the numerator of the first term in the right-hand-side of Eq. (6.3). Using Eq. (A.10), we get for the static-low-momentum limit of a(0)F
From Eq. (6.6) we can see that 12) which agrees with the axial-vector susceptibility in Eq. (6.9). This is a prediction, not an input condition, of the theory. For N f = 2 and N c = 3, we have
This is our third main result.
In order to compare our result with the lattice result, we need to go beyond the onebubble approximation. We note here that the value of VSUS (6.13) differs somewhat from the one bubble result of Nambu-Jona-Lasinio model, χ 0 (T c ) = 2T 2 c [22] . The difference is easily understood by the fact that the vector mesons enter in the VM and contribute the additional
. There is also a result from a hard thermal loop calculation which gives χ V (T c ) ≈ 1.3T 2 c [23] . However this result cannot be compared to ours for two reasons. First we need to sum higher loops in our formalism which may be done in random phase approximation as in [22] . Second, the perturbative QCD with a hard thermal loop approximation may not be valid in the temperature regime we are considering. Even at T ≫ T c , the situation is not clear as pointed out in [24] .
Hydrodynamic Interpretation
In this section, we make a brief hydrodynamic analysis [25] of how the VM variables (e.g., vector mesons) modify the structure of the vector correlator. We do this following closely the arguments of [7] .
Consider first the case where vector mesons and quasiquarks do not figure as hydrodynamic variables. In this case, apart from densities of conserved quantities, the pions which are the phases of the order parameters of broken chiral symmetry are the relevant hydrodynamic degrees of freedom together with, near chiral restoration, the order parameters themselves.
The dynamics of the vector isospin charge V a 0 is then dictated by "diffusive modes" with the correlator taking the form [7] 
where D V is the temperature-dependent diffusion constant for the vector charge. The pole q 0 = ±iD V q 2 shows that it is purely diffusive. This diffusive mode is lacking from the effective Lagrangian (1.4) and hence the effective Lagrangian in the leading order with pions as the only relevant degrees of freedom cannot describe the vector susceptibility for T = 0.
We can use an analysis closely paralleling that of [7] to see how the VM degrees of freedom considered as hydrodynamic variables modifies the correlator. For this, consider how the vector meson enters in the discussion. In the VM, the vector meson becomes massless while the vector coupling goes to zero at T = T c . Therefore at near T c we may take the vector meson field as a hydrodynamic variable #5 , since the vector meson energy can be arbitrarily small near T c and relaxation timeτ becomes arbitrarily large. Note that in the case of QED, the relaxation timeτ for the heavy fermions is given by 1/τ ∼ α 2 T log(1/α) [26] , where α = e 2 /(4π). For simplicity, we shall simply assume that arbitrarily close to T c , the time component of the vector meson ρ 0 can be taken as a hydrodynamical variable and take the time derivative of the vector charge density as
where ζ ai is the "noise" in V a 0 . This is identical in form to the corresponding axial charge density [7] 
where D A is the diffusion coefficient, φ is the pion field modulo normalization and ξ is the "noise." Now writing 4) where the ellipsis contains terms that we do not need for our consideration. Equations (7.3) and (7.4) modify the vector correlator from (7.1) to
The linear dispersion relation implies that we are dealing with a Goldstone mode in medium. The integral over frequencies in the limit | q| → 0 is concentrated near values q 0 = ±ω. We see that the ρ 0 field plays the same role as the pion field φ. This is precisely what we expect from the vector manifestation in which the longitudinal components of the vector mesons join the pions into a multiplet of parity-doublet Goldstone excitations.
#5 Away from T c , the vector field cannot obviously be taken as a a hydrodynamic. It will depend on the macroscopic distance and time scale in question. #6 In principle we should redefine the ρ 0 field such that it carries no dimension as the pion field φ in Eq. (7.3) below. This field redefinition should be understood in what follows.
Summary and Remarks
The notion of the vector manifestation in chiral symmetryà la Harada and Yamawaki requires that the zero-mass vector mesons be present at the chiral phase transition. As discussed by Brown and Rho [5] , the light vector mesons near the transition point "bottomup" can be considered as Higgsed gluons in the sense of color-flavor locking in the broken chiral symmetry sector proposed by Berges and Wetterich [27, 28] and could figure in heavyion processes measured at RHIC energies. In this paper we are finding that in the VM, the vector mesons (and the quasiquarks) with vanishing masses at the chiral transition (in the Understanding the differences between the two scenarios could provide a valuable insight into some of the basic tenets of effective field theories.
If one assumes that the only light degrees of freedom near T c are the pions (and possibly a light scalar, a chiral partner to the pions), then one can simply take the current algebra terms in the Lagrangian and the axial-vector susceptibility (ASUS) χ A is uniquely given by the temporal component of the pion decay constant f t π with the degrees of freedom that are integrated out renormalizing this constant. Then the unquestionable equality χ V = χ A at T c together with the lattice result χ V | T C = 0 leads to the Son-Stephanov result on the pion velocity v π = 0. There is however a caveat to this simple result and it is that the same reasoning fails when one computes explicitly the vector susceptibility (VSUS) using the same current algebra Lagrangian.
Positing that the vector mesons enter in the VM near T c circumvents this caveat and at the same time, makes a concrete prediction. In this framework, the ASUS is given by a term related to f t π plus contributions from the vector-meson (i.e., the longitudinal component σ) and quasiquark loops. At T c , the f t π vanishes and what remains comes out precisely equal to the VSUS χ V in which the σ loop in χ A is replaced by the pion loop. All these are perfectly understandable in terms of the VM in HGS.
Some remarks on the role of quasiquarks are in order. One might object that there is a risk of double counting in putting both the light vector mesons and the quasiquarks. We can answer to this objection by noting that in our view, the effective fields in the regime T < ∼ T c are "relayed" from the QCD fields in the regime T > ∼ T c : The gluons and quarks in T > ∼ T c are Higgsedà la Berges-Wetterich to the vector mesons and the baryons, respectively. The additional assumption we are making here is that as in [5] , we can -and should -replace the baryons degrees of freedom by quasiquark degrees of freedom near the phase transition. This is a picture that resembles the Georgi-Manohar chiral quark model [29] except that the gluons are Higgsed to the vector mesons.
Finally, we should stress that the scenario proposed here can ultimately be validated or invalidated by lattice calculations. So far we have not addressed the properties of the quantities we have studied in this paper away from the critical point T c (as well as n c ).
Confrontation with future lattice data as well as with RHIC data will require these properties to be worked out.
A more comprehensive discussion of the materials covered in this paper as well as other issues of HLS-VM in hot bath near chiral restoration will be discussed in a future publication [14] .
Appendices

A Hadronic Thermal Corrections
In this appendix we summarize the hadronic thermal corrections to the two-point func-
The four components of the hadronic thermal corrections to the two point function of
where the functionsĀ 0(B) ,B 0(B,F ) , and so on are given in Appendix B. To obtain the above results from Eqs. (3.5) and (3.6) we used the following relation derived from Eq. (B.5):
The two componentsΠ t andΠ s of hadronic thermal corrections to the two-point functions For obtaining the pion decay constants and velocity in Section 5 we need the limit of p 0 =p ofΠ 
B Functions
In this appendix we list the explicit forms of the functions that figure in the hadronic thermal corrections,Ā 0(B,F ) ,B 0(B,F ) andB µν (B,F ) in various limits relevant to the present analysis.
#7
The explicit forms of other components will be listed in Ref. [14] . 
